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Abstract 

In this short note we give some equivalent characterizations of ex- 
tremally disconnected spaces. 
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Extremally disconnected spaces play a prominent role in set-theoretical 
topology. Due to their peculiar properties extremally disconnected spaces 
provide curcial applications in the theory of Boolean algebra, in axiomatic 
set theory and in some branches of functional analysis (for example: in C*- 
algebra) as well. There are many interesting equivalent of extremally discon- 
nected spaces. See for example : problems 1H, 3N, 6M of [3] and, in case of 
Boolean algebra, Theorem 2.33 of [2]. 

In this short note we prove some set-theoretical equivalent of extremally dis- 
connected spaces. Proofs of these equivalent conditions are not trivial. But as 
a good exercies details are left to the readers. 

Recall that a topological space X is said to be extremally disconnected if the 

closure of every open set of X is open in X. 

We denote by A the interior of A and by A" the closure of A. 

Lemma 1 Let X be a topological space. If A is a subset of X and B is an 
open subset of X then 

rnr = {An b)-°. 

Proof. Use the fact A n B-° c(iflB) - . □ 

As a Corollary to this we prove the Lemma 2.34 of [2]. 
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Corollary 2 If A and B are open subsets of a topological space X then 



A-°nB-° = (AnB)-°. 



Theorem 3 The following are equivalent for a space X : 

(a) X is extremally disconnected; 

(b) A _ nB" = (An B)~ for all open subsets A and B of X; 

(c) A" n 5 _ = for all open subsets A and £ of X with A D 5 = 0; 

(d) X _ °~ fl A" = for all subsets K and all open subsets A of X with 
K n A = 0; 

(e) n^ = (Xfl for all subsets K and all open subsets A of X with 
KD A = 0; 

(f) A" U £-° = (A U 5)-° for all open subsets A and 5 of X; and 

(g) G° U H° = (G U H)° for all closed subsets G and # of X. 



Proof, (a) =► (b) =► (c) =► (a) (e) =► (d) =► (c) =► (a) =► (f) 

=► (g) =► (c) =► (a). □ 



Remark. Above Theorem seems to be an isolated result, but this will be 
useful to the readers those are interested in generalization of concepts having 
closed relation with extremally disconnected spaces. For example: in gener- 
alization of certain properties of spaces with filters and oo-disconnected (ex- 
tremally disconected) spaces (cf. [1]). 
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